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Abstract 



Fermi transport of spinors can be precisely understood in terms of 2-spinor geometry. 
By using a partly original, previously developed treatment of 2-spinors and classical fields, 
we describe the family of all transports, along a given 1-dimensional timelike submanifold 
of spacetime, which yield the standard Fermi transport of vectors. Moreover we show that 
this family has a distinguished member, whose relation to the Fermi transport of vectors is 
similar to the relation between the spinor connection and spacetime connection. Various 
properties of the Fermi transport of spinors are discussed, and applied to the construction 
of free electron states for a detector-dependent QED formalism introduced in a previous 
paper. 
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1 Two-spinors and Dirac spinors 

This section and the next one contain a sketch of the two-spinor approach to Dirac algebra 
and field theories referred to in the Introduction. See O IU [7] for details. 

1.1 Hermitian tensors 

If V is a finite dimensional complex vector space, then we indicate by V* its dual space, 
by V* = V* its anti-dual space (namely the vector space of all anti-linear maps V — > C) 
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2 1 TWO-SPINORS AND DIRAC SPINORS 



and hy V = V** = V** its conjugate space. One then has natural anti-isomorphisms 
V ^ V : V ^ V and V* — > V* : A A . Following a rather standard usage, we use "dotted 
indices" for vector and tensor components in V and V* . 

The space V has a natural real linear (complex anti- linear) involution w ^ w\ which 
on decomposable tensors reads 

(u v)^ = f u . 

Hence one has the natural decomposition ofV<SiV into the direct sum of the real eigenspaces 
of the involution with eigenvalues ±1, respectively called the Hermitian and anti- Her mitian 
subspaces, namely 

= (VvF)ei(FVF) . 

In other terms, the Hermitian subspace V \/V \s constituted by all E V ®V such that 
w'^ = w, while an arbitrary w is uniquely decomposed into the sum of an Hermitian and an 
anti-Hermitian tensor as 

w = ^{w + u)^) -|- i(w — u;^) . 

In terms of components in any basis, w = w^^bA CS> bg is Hermitian (anti-Hermitian) iff the 
matrix (w^^ ) of its components is of the same type, namely w^"^ = zizw^^ . 

1.2 Two-spinor space 

Let be a 2-dimensional complex vector space. Then A^^ is a 1-dimensional complex vector 
space. The Hermitian subspace of (A^S^) (X" i^S) is a 1-dimensional real vector space with a 
distinguished orientation, whose positively oriented semispace 

L2 := [{A^S)\/ {A^S)]+ ■.= {w(g)w, weA^S} 

has the square root semi-space L, called the space of length units^ The complex 2-dimensional 
space 

is called the 2-spinor space. Observe that the 1-dimensional space 

Q := A^U = h'^0A^S 

has a distinguished Hermitian metric, defined as the unity element in 

Q*VQ* = (A^U*) V {A^U*) = (A^^*) V (A^^*) ^ M . 

Hence there is the distinguished set of normalized "symplectic" forms on U, any two of them 
related by a phase factor. 

Consider an arbitrary basis {(^a) of S , and let (x'^) be its dual basis of . This determines 
the mutually dual bases 

w := e^^ UA^B , := Eab x'^ A , 

^ A unit space is defined to be a 1-dimensional real semi-space, namely a positive semi-field associated with 
the semi-ring R"'' (see [T^ for details). The square root U^''^ of a unit space U, is defined by the condition 
that U^''^ ® U^''^ be isomorphic to U. More generally, any rational power of a unit space is defined up to 
isomorphism (negative powers correspond to dual spaces). Here we only use the unit space L of lengths and 
its powers; essentially, this means that we take h = c = 1 . 



1.3 From 2-spinors to Minkowski space 
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respectively of A?S and A?S* (here e'*^ and e^s both denote the antisymmetric Ricci matrix), 
and the basis 

I := a/w ® w of L . 
Then one also has the induced mutually dual, normalized bases 

of U and U* , and also 

Remark. In contrast to the usual 2-spinor formalism, no symplectic form is fixed. The 
2-form e is unique up to a phase factor which depends on the chosen 2-spinor basis, and 
determines isomorphisms 

:U ^U* :u^v!' , {u\v) := s{u,v) {v!')b = Sab , 

£# ,U* -X^X* , (/i,A#) :=£-^(A,/x) {X*)" = e^" X^ . 

1.3 Prom 2-spinors to Minkowski space 

Though a normalized element £ G Q* is unique only up to a phase factor, the tensor product 
g = e e G Q* Q* is a naturally distinguished object. This can also be seen as a bilinear 
form on U0U, acting on decomposable elements as 

g{p^q,r0s) = e{p, r) e{q, s) . 

The fact that any e is non-degenerate implies that g is non-degenerate too. In a normalized 
2-spinor basis {(a) one writes w = w^^ ® Ca' ^ ^ 9aa'bb = ^ab £a'b' and 

g{w, w) = Eab Sa'b'W^^ w^'^ = 2 det w . 

The Hermitian subspace 

H := UWU CU^U 

is a 4-dimensional real vector space, and the restriction oi g to H turns out to be a Lorentz 
metric with signature (-|-, —,—,—) . Actually, for any given normalized basis {(^a) of U consider 
the Pauli basis (r^) of H associated with (Ca), namely 

TA = r/^'a ® Ca- = ^ ct/^'Ca ® Ca- , A = 0, 1, 2, 3 , 

where ax denotes the A-th Pauli matrix; then one easily finds g{T\ ,r^) = 2 5° (5° — 6xfj, . Con- 
versely, any orthonormal basis of H can be written as the Pauli basis associated with an 
appropriate two-spinor basis. 

It's not difficult to prove that an element weU'SiU = C'SiHis null, that is g{w, w) = , 
iff it is a decomposable tensor: w = u<^s,u, sgU. A null element in 17 C/ is also in H iff 
it is of the form zizu u. Hence the null cone N C H is constituted exactly by such elements. 
Note how this fact yields a way of distinguish between time orientations: by convention, one 
chooses the future and past null-cones in H to be, respectively, 

iV+ := {u(g)M, ueU} , N~ := {-u0u, ueU} . 



4 



1 TWO-SPINORS AND DIRAC SPINORS 



1.4 From 2-spinors to Dirac spinors 

Next observe that an element oi U ®U can be seen as a linear map [/* U, while an 
element of U* (g) U* can be seen as a linear map U U* . Then one defines the linear map 

i.e. j{y) {u, x) = V2{y\x,u\y^) , 

where y^ := g^{y) G U* (g) U* and j/''* G U* (g) U* is the transposed tensor. In particular for 
a decomposable y = p®q one has 

l{p®q){u,x) = '^{{x,q)p,{p^,u)ct) ■ 
It's not difficult to see that, for all y, y' G t/ (g) t/ , one has 

i{y) ° liy') + i{y') ° i{y) = 2 g{y, y') i , 

namely 7 is a Clifford map relatively to g; thus one is led to regard 

W := [7 e C7* 

as the space of Dirac spinors, decomposed into its AVcyl subspaces. The restriction of 7 to the 
Minkowski space H is called the Dirac map. 

The 4-dimensional complex vector space W is naturally endowed with a further structure: 
the obvious anti-isomorphism 

W ^ Vr* : (u, x) 1-^ (x, u) . 

Namely, if V = x) ^ ^ then = (w, x) G can be identified with (x, u) G W* ; 
this is the so-called 'Dirac adjoint' of ip . This operation can be seen as the "index lowering 
anti-isomorphism" related to the Hermitian product 

k : W X W ^ C : ((n, x), {u\ xO) ^ (x, u) + ix' , u) , 

which is obviously non-degenerate; its signature turns out to be (-|- H ), as it can be seen 

in a "Dirac basis" (below). 

Let {C,a) be a normalized basis of U ; the Weyl basis of W is defined to be the basis (Ca), 
a = 1, 2, 3, 4, given by 

(Cl,C2,C3,C4) := (Cl,C2,-z\-z2). 

The Dirac basis (Ca), « = 1) 2, 3, 4, is given by 

c; = ^(Ci,zi) = ^(Ci-C3) , C2 

C3 = ^(Cl,-Z^)^(Cl+C3), CI 

Setting 

7A := i{tx) G End(W) 

one recovers the usual Weyl and Dirac representations as the matrices (7^) , A = 0, 1, 2, 3 , in 
the Weyl and Dirac bases respectively. 



= ^(C2,z2) = (C2-"C4) , 
= ^(C2,-z2)^(C2 + C4). 
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It should be noted that no distinguished Hermitian metric exists either on U or W : 
assigning such structure is equivalent to fixing an observer (this point remains somewhat 
obscured in most traditional treatments of spinors). In fact, a Hermitian 2-form h onU is an 
element in U* V [/* = H*. One says that h is normalized if it is non-degenerate, positive and 
g'^{h) = the latter condition is equivalent to g{h, h) = 2 . If /i is normalized then it is 
necessarily a future-pointing timelike element in H* . For example, if (r^) is a Pauli basis and 
(t^) is the dual basis, then \/2 = (8) + (g) is normalized; conversely, every positive- 
definite normalized Hermitian metric h can be expressed in the above form for some suitable 
normalized 2-spinor bases. In 4-spinor terms: if h is assigned, then it extends naturally to a 
Hermitian metric h on W, which can be characterized bjo 

h{ip, (/)) = k(7oV', (/)) ■ 

Remark. Some other operations on 4-spinor space, commonly used in the literature, ac- 
tually depend on particular choices or conventions. Charge conjugation, in particular, is the 
antilinear involution 

C:W ■.{u,x)^ e-'* (e#(x), 

determined by the choice of a normalized delement a; = e^* e G A?U* . Parity is the endomor- 
phism 7o = 7(ro) , so it depends on the choice of an observer (here written as the element tq of 
a suitable Pauli frame). Time-reversal is the composition 7r;7oC , where (in a Pauli basis: 
Irj = 7o 7i 72 73) is the endomorphism corresponding, via 7 , to the volume form rj determined 
by g on H. 

2 Two-spinor bundle and field theories 
2.1 Two-spinor connections 

Consider any real manifold M and a vector bundle S ^ M with complex 2-dimensional 
fibres. Denote base manifold coordinates as (x"); choose a local frame (^a) of S, determining 
linear fibre coordinates (x'*). According to the constructions of the previous sections, one now 
has the bundles Q, L, U, H, W over M, with smooth natural structures; the frame (S^a) 
yields the frames e, I, (Ca) and (ta) , respectively. Moreover for any rational number r E Q 
one has the semi- vector bundle . 

Consider an arbitrary C-linear connection F of ^ M, called a 2-spinor connection. In 
the fibred coordinates (x",x'*) F is expressed by the coefficients F^g : M C, namely the 
covariant derivative of a section s : M S is expressed as 

Vs = {daS-^-F,\s'')dx''®U ■ 

The rule Vs = Vs yields a connection F on S ^ iW, whose coefficients are given by 

p A' _ p A 
^ a B ^ a B ■ 

Actually, F determines linear connections on each of the above said induced vector bundles 
over M. Denote by 2G and 2Y the connections induced on L and Q (this notation makes 
sense because the fibres are 1-dimensional), namely 

VI = -2Gadx''(S)l , Ve = 2iyadx"®e , 
Vw-i = V(/~^ e) = 2{Ga + i Ya) dx" /"^ e 



^ In the traditional notation, 7)^ indicates the /i-adjoint of 7^ , and then depends on the chosen observer. 
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2 TWO-SPINOR BUNDLE AND FIELD THEORIES 



and the like. By direct calculation we find 

= 4 i^a A + ^^a A") ' ~ 4l (^a A A') • 

Since Ya is real, the induced linear connection on Q is Hermitian (preserves its natural Her- 

mitian structure). 

The coefficients of the induced connections F on J7, and T on H, turn out to be 

* a s * a B " g , 



B 



Since its coefficients are real, f turn out to be reducible to a real connection on H. Moreover 
this connection V turns out to be metric, namely V[r]g' = 0. Hence, its coefficients are 
antisymmetric and traceless, namely 

'-a ^ a ^ 1 aX ^ ■ 

The above relations between F and the induced connections can be inverted as 

B — + i Ya) s + 2 a ba' i 

and a similar relation holds among the curvature tensors, namely 

RabB = -2 (dG + i dY)ab S\ + i RJ'^BA- ■ 

2.2 Two-spinor tetrad 

Henceforth Til assume that M is a real 4-dimensional manifold. Consider a linear morphism 

@ -.TM ^ S^S = C^'L^H , 

namely a section 

G : M ^ C(8)L(g)lf(g)T*M 
(all tensor products are over M). Its coordinate expression is 

e = e^TA«)dx" = e^^'CA«)CA-«'dx« , e^,e^^': c®l . 

We'll assume that is non-degenerate and valued in the Hermitian subspace L (g) C 
S S ; then B can be viewed as a 'scaled' tetrad (or soldering form, or vierbein); the co- 
efficients 0^ are real (i.e. valued in M(8)L) while the coefficients are Hermitian, i.e. 
®a'* = 6a'*. Through a tetrad, the geometric structure of the fibres of H is carried to a 
similar, scaled structure on the fibres of TAf . It will then be convenient, from now on, to 
distinguish by a tilda the objects defined on H, so I'll denote by ^ , jy and 7 the Lorentz 
metric, the ^-normalized volume form and the Dirac map of H , and set 

g:= 6*5 : M^C®L^®T*M®T*M , 

ri:= 6*77 : M^C(8)L^®A'^T*M , 

7 := 7 o e : TM ^ L (g) End(W^) , 



2.3 Einstein-Cartan-Maxwell-Dirac Eeld theory 



7 



which have the coordinate expressions 

g = vxf. dx'^ dx^ = e^seAs 9^' Q^' dx" ® dx'' , 

r] = det(e) dx° A dx^ A dx^ A dx^ , 

7 = \/2 e^^' (Ca <S) (a- + EABexB z^' z^) dx" . 

The above objects turn out to be a Lorentz metric, the corresponding volume form and a 
Chfford map. Moreover 

:= e^r/A;.^"'' = ■■ M ^ , g"'' : M ^ C^L-^ . 

A non-degenerate tetrad, together with a two-spinor frame, yields mutually dual orthonor- 
mal frames {Ox) of L"^ TM and (9^) of L ® T*M , given by 

Ox ■■= Q-Htx) = e^dxa , := e*(t^) = e^dx'^ . 

We also write 

7 = 7A®e^ = 7a®dx'^ , 7A :=7(0a) : M ^ End(W^) , 
7a := lidxa) = e^7A : M ^ End(H^) . 

If F is a complex-linear connection on S, and G and F are the induced connections on 
L and H, then a non-degenerate tetrad : TM — > L®iJ yields a unique connection F on 
TM, characterized by the condition 

v[F0f]e = . 

Moreover F is metric, i.e. V[F](7 = 0. Denoting by F^'^^ the coefficients of F in the frame 



Q'^ = Q T\) one obtains 

ab /i ab fi ^ 



The curvature tensors of F and F are related by — ^ ^ 



^abd — Rab^i ©A ■ 

Hence the Ricci tensor and the scalar curvature are given by 

Rad = Rabd = -^afe^ ®A > ^-a = ^ab ®A ©/^ ' 

In general, the connection F will have non-vanishing torsion, which can be expressed as 
2.3 Einstein-Cartan-Maxwell-Dirac field theory 

In this section I'll give an essential sketch of a "minimal geometric data" field theory which 
has been presented in previous papers [3l[ll[7]. The quoted words refer to the fact that the 
unique "geometric datum" is a vector bundle S ^ M with complex 2-dimensional fibres 
and real 4-dimensional base manifold. All other bundles and fixed geometric objects are 
determined just by this datum through functorial constructions, as we saw in the previous 
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2 TWO-SPINOR BUNDLE AND FIELD THEORIES 



sections; no further background structure is assumed. Any considered bundle section which 
is not functoriahy fixed by our geometric datum is a field. A natural Lagrangian can then 
be written, yielding a field theory which turns out to be essentially equivalent to a classical 
theory of Einstein-Cartan-Maxwell-Dirac fields. 

The fields are taken to be the tetrad O , the 2-spinor connection F, the electromagnetic 
field F and the electron field ip . The gravitational field is represented by Q (which can be 
viewed as a 'square root' of the metric) and the traceless part of F, namely F, seen as the 
gravitational part of the connection. If Q is non-degenerate one obtains, as in the standard 
metric-affine approach [9l[8], essentially the Einstein equation and the equation for torsion; 
the metricity of the spacetime connection is a further consequence. But note that the theory 
is non-singular also in the degenerate case. The connection G induced on L will be assumed to 
have vanishing curvature, dG = 0, so that one can always find local charts such that Ga = ; 
this amounts to gauging away the conformal ('dilaton') symmetry. Coupling constants will 
arise as covariantly constant sections of L, which now becomes just a vector space. 

The Dirac field is a section ^ = (n, x) '■ ^ ~^ L^^/^ ® W assumed to represent a semi- 
classical particle with one-half spin, mass m G and charge g € M . 

The electromagnetic potential can be thought of as the Hermitian connection on /^U 
determined by F , whose coefficients are indicated as i ; locally one writes 1^ = qAa , where 
A: M ^ T*M is a local 1-form. 

The electromagnetic field is represented by a spinor field F : M L^^ (8) A?H* which, 
via Q , determines the 2-form F := Q*F : M — > A?T*M . The relation between Y and F will 
follow as one of the field equations. 

The total Lagrangian density is the sum of a gravitational, an electromagnetic and a Dirac 
term: £ = £g + £em + £d = (^g + 4m + ^d) d^x : M ^ A'^T*M , where 

£em :=-i??| [eAeA{dA0F)] + l{F-F)rj , 

£p :=c>[^(^, ^ I {^#Vip) AO Ae AS)] - m{'tp,ip) T] . 

In the above expressions, k is Newton's gravitational constant; a superscript ^ denotes "index 
raising" relatively to the Lorentz metric g , and the "exterior" product among vector valued 
forms is naturally definedH One has the coordinate expressions 

f _ J_p^ abed n VcjJ^CjP 

^ ~ 8k ^t^^P afe "^d ' 

4m = -I e""^'' ex^up daA, F^^ 9^9^ + \ F^^F^p det 9 , 

= ^ e^^. (V,n^ u"^ - Vau^' + s^^s^'^Xxb VaXs - ^aXs Xb)) 

- m {xau"^ + Xxu"^ ) det 9 , 

where 

Writing down the Euler-Lagrange equation^ for the Lagrangian density £ is a straight- 
forward (though not short) task. Summarizing the basic results: 

^ For example, (a; (g) a) A (j/ (g) /3) = (a; A y) ® (a A /3) , a, /3 £ T*M , x,y e H , and the like. 

* One has to calculate the variational derivatives relatively to all the fields F , Q , A , F , tp = {u, x) ■ 
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• The 0-component corresponds (in the non-degenerate case) to the Einstein equation. 

• The F-component gives the equation for torsion. From this one sees that the spinor 
field is a source for torsion, and that in this context one cannot formulate a torsion- free 
theory. 

• The F-component reads F = 2 dA in the non-degenerate case, and of course this yields 
the first Maxwell equation dF = 0. 

• The j4-component reduces, in the non-degenerate case, to the second Maxwell equation 
1 *d*F = j , where j : M — > T*M is the Dirac current. 

• The u- and ^-components give a generalized form of the standard Dirac equation, which 
can be written in compact form as 

(iy-m + i7#(f))V' = . 

Here, T denotes the 1-form obtained from the torsion by contraction, with coordinate 
expression Ta = T^^b ■ 

3 Fermi transport 

A 1-dimensional timelike submanifold L C M can be seen as a 'pointlike observer', or as the 
world-line of a 'detector'. Note that there is a natural inclusion TL C TM. The restriction 
of the spacetime time metric is a Riemann metric on L, which yields the detecor's 'proper 
time'. 

Throughout this ^ we'll assume a tetrad and a spinor connection F to be fixed, namely 
we'll work in a given gravitational field background. Moreover, for simplicity, we'll assume 
Ga = as it is in the standard fied theories ( §2.31) . 

Since G is fixed, it will be convenient to make the identification TM = L ii" (and the 
like) in order to simplify our notations. Note ( §2.2j) that the scalar product of elements in TM 
is valued into M(8)L^, while the tensor product of elements in H is real valued; we express 
this fact by saying that the spacetime metric g is h'^-scaled, while the metric on H is unsealed 
(or 'conformally invariant'). 

3.1 Rivisitation of the standard Fermi transport 

Denote as T^-M" ^ L and i/j, ^ L the restrictions of the bundles TM ^ M and H ^ M 
to the base L (the fibres over elements in L are the same). Then Hi^ = T^iW has one 
distinguished section, namely the unit future-pointing scaled vector field 

T- : i ^ L^i TZ C L"^ T^M ^ i/^ . 

We now consider the linear morphism over L 

<^:TL^ A^Hl :v^^y = 2 {V^t) A r . 

Choose base coordinates (x") = (x^, x^, x^, x^) adapted to L, namely such that 9x4 = d/dx^ is 
tangent to L at the points of L; let moreover (tx) be any orthonormal frame of Hj^ such that 
To = T ; then one gets the coordinate expression 

$ = 2 dx^ Tj A To . 
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3 FERMI TRANSPORT 



By 'lowering the second index' of ^ through the metric one gets a hnear morphism 

: Hj^0H2= End(/f^) , 

namely 

$t = V„To®t°-To®Vy , 

with coordinate expression 

$^ = -dx^ (f/o Tj t° + f^j TO t^') , 

where the dual frame of (ta) was denoted as (t^). 
Note that 

i^Vo = = (^')A = . 

The bundle -fZ^ ^ L has of course the connection naturally induced by T : the covariant 
derivative of any section X : L — > Hi^ is defined to be the map v VyX : L — > iJ^ , namely 
VyX = V„[r]X is the restriction of Vu'[r]X' for any local extensions v' and X' of v and X . 
But now we observe that can be viewed as a section L T*L 0^ End(iJi) , according to 
<I>^ = v\^^ . Hence we are able to introduce a new connection of H^^ ^ L , namely the Fermi 
connectior^ 

Tp := f + . 

The covariant derivative associated with 1^ turns out to have the expression 

B^X = Vu[T^]X = V^X - <^1{X) = 

= VyX + giV^T ,X)T-g{T, X) V^r : L ^ , 

for any sections v : L ^ TL and X : L ^ ■ 

The usual Fermi derivative is defined as a derivation with respect to the detector's proper 
time, that is 

DX = BrX : L^h-^0Hi^ , X Hi^ . 



Proposition 3.1 For any v : L ^ TL and X,Y : L ^ Hj^ one has 

v.{X ■ Y) = (D^X) -Y + X- D^y . 

PROOF: It follows from the fact that f is metric and $ is anti-symmetric, so that is valued 
into the Lorentz group (see §3.41 for more details about that). We can directly verify our 
statement by observing that the Lie derivative along v of the scalar field X • y is well-defined 
on L independently of extensions. We then have 

v.{x ■ Y) = (v,x) • y + X • v,y = [d„x + ^l{x)] -y + x- [D,y + <^1{y)] = 

= (D„x) -Y + X- D^y + $„(x\ y^) + $„(y\ x^) = (d^x) -y + x- d^y , 

since is antisymmetric. □ 

^ We recall that the difFerence between any two connections on a vector bundle iJ ^ B is a tensor field 
B ^ T*B ®B End(£;) . 



3.1 Rivisitation of the standard Fermi transport 
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A section X : L ^ Hj^ which is covariantly constant relatively to I^^ (namely T>X = , or 
Y)yX = for all ?7 : L ^ TZ) is said to be Fermi-transported along L; a Fermi-transported 
section is uniquely determinecil by the value it takes at any point of L. 

A few points are worth stressing: 

• The scalar product of Fermi-transported vectors is constant along L (this follows at 
once from the above proposition). 

• r itself is Fermi-transported; if / : Z ^ M then D(/ r) = (r./) r . 

• li X : L ^ (the subbundle of Hj^ orthogonal to r) then also Dt,X : L H^, 
coinciding with the orthogonal projection onto of the ordinary covariant derivative 

Thus Tp preserves the splitting of Hj^ into the direct sum of its subbundles parallel and 
orthogonal to r . Moreover one also has Fermi-transported orthonormal frames (tx) of iJ^ 
such that To = T (one only has to fix the frame at some point of L and 'Fermi-transport' it). 

In any orthonormal frame (not necessarily Fermi-transported) one has the coordinate 
expressions 

= {da^ TX - X'' Tj) = V.X^ TO + {V.X^ - f/;,) Tj , 

i)x = et{d,x'Tx-x''ti,T,) , 

which are independent of any extensions of v and X . 

Remark. The definition of the Fermi derivative could be extended to the case when L 
is spacelike, but cannot be immediately extended to a derivative along a null 1-dimensional 
submanifold0 since in the latter case there exists no normalized tangent vector (r). Moreover, 
the Fermi transport along an arbitrary timelike curve cannot be seen as parallel transport 
relatively to some connection on H ^ M. 

However, a different kind of extension can be devised. For this purpose, we first note that 
the section <!>'': Z —> T*L End(i?i) can be extended via the spacetime metric to a section 

T*M(E) End(ii'i) . 

Namely we set 

v\ := g{v, r)rj ve T^M . 

Suppose that M is filled with congruence of timelike 1-dimensional submanifolds, with 
normalized tangent vector field r : M — > H. Then considering the above said extension for 
all said submanifolds we obtain a section 

: M ^ T*M End(ii') ^ T*M ® End(TM) . 

M M 

Consider now the new spacetime connection ? + <!>''. This has the property that the parallel 
transport along lines of the chosen congruence coincides with Fermi transport there; the same 
is not true, however, for lines which do not belong to the chosen congruence. Also, note that 
the transport along spacelike lines orthogonal to the lines of the congruence coincides with 
ordinary parallel transport. 

^ This follows from a well-known result about general connections, since ]J is a true connection on the 
restricted bundle Hl ^ L for fixed L. 

Samuel and Nityananda [12] have introduced a somewhat different transport law for polarization vectors 
along non-geodesic null curves. 
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3 FERMI TRANSPORT 



3.2 Fermi transport of 2-spinors 

Let Ul ^ L he the restriction of the bundle U ^ M to the base manifold L . 

Introducing an appropriate Fermi transport for spinors amounts essentially to defining a 
modification Fp of the connectiorH F on CTj, ^ ij, in such a way that the induced connection 
J^i- (E> Jp on iJj, ^ L coincides with 1^ . The solution to the problem of determining Fp is not 
unique, as we'll see, so one has got to describe the family of all solutions (in the next section, 
the results obtained here will be extended to 4-spinors). 

There is a natural procedure we can follow: writing down an analogous of the relation 
between F and F ( §2.ip . We start from the two-spinor form of <&'', namely 

^.^ = ^/-^^^.dx^ ^Ca^ Ca-® z'' ® z^' : M ^ T*L End{H) , 

with = r/^'t'^^^. = i ct/-^'^''^,- . 

By taking half the trace of relatively to its conjugate 2-spinor indices we get the section 

: L ^ T*L®End(Lt) 

L 

which has the coordinate expression (j) = (j)^^ dx^ (X" Ca (X" with 

J. A _ 1 ^ AA" 

f 4 13 — 2 ^4 SA • 

A simple calculation, using the properties of the Pauli matrices, gives then 

^ A _ 1 f j A 

Note that 

Tr(0) = </)/^dx^ = 

(in agreement with ^I'x = ^a^aX ~ Conversely, it's not difficult to show — by standard 
2-spinor algebra — that 

^a'^bb = Kb S^'b + S\ Kb ■ 
Next, we introduce the spinor Fermi connection on CTt ^ L , 

Fp := F + , 

which has the coordinate expression 

(Fp)A = F/, + 0/, = (G4 + 1^4) n + h f 4^^BA- + I ^4-'^;a- 

= (G4 + iy4)n + ^(rp)4-'^;^-. 

If t; : L ^ TL and u : L ^ Uj^ are sections, then 

V,[Fp]n^ = V,[F]n^ - <t>^\ = {d^u^ - F/^ - \ t^' a/^ u'') . 

Proposition 3.2 The connection F^^Fp induced by Fp on Hj^ ^ L coincides with the the 
Fermi connection . Moreover, any other linear connection F^ ofU^'^L yielding differs 
from Fp by a term of the type i a (X" 1 with a : L ^ T*L , namely 

{K)ab = {^f)ab + i "4 5^B ■ 
* For simplicity, we denote the restriction of P by the same symbol. 



3.3 Fermi transport of 4-spinors 



13 



PROOF: The coefficients of li- (Xili- are 

(Fp (g) Ff)/'*sb = Fp/s 6\- + 5\ Fp/a- = (F + 0/3) 5\- + J-^^ (F/^- + (p^^-) 



B V^4 B 



4 SB ' ^4 SB • 

Now we observe that any other connection J^' of [Tf, ^ L can be written as JJr + H , with 
S : ly — > T*L End(L'£,) . The condition that Fp yields Tp can be written as 

^¥4^3 ^^B + ^"^B ^fa'b' — (^F4'b + '='4'*b) ^^b + ^"^B (Jf4"*b" + '='4'*b' ) ' 

^ ^i's ^^B + <^'*B "4'^S = • 

A short discussion then shows that '^^g = C '^^b with : L ^ iM . □ 

Conclusion: we obtained a family of connections of the restricted bundle Ui^ ^ L . Each 
element of the family yields the standard Fermi transport, and is characterized by the arbitrary 
choice of an imaginary function on L . F- is a distinguished element of the family, so we see 
it as the natural generalization of Fermi transport to 2-spinors. 

3.3 Fermi transport of 4-spinors 

The coefficients of the connection induced by F on U* ^ M (namely the dual of F, see §2.1|) 
are 

p ^ — _p ^ 

^ aB' ^ a b' ■ 

The couple (F,F) then constitutes the induced (4-spinor) connection on the bundle U(BU* = 
W ^ M. Its coefficients can be expressed [4] in the form 

F,"^ = i + 1 f„^^ (7A 7^)°;3 , a, /3 = 1, 2, 3, 4 . 

Its restriction to ^ L can then be modified in order to obtain a 4-spinor Fermi connection, 
that is the connection 

iFp,i) = (F+<P,f-^*) 

obtained from Fp hy a similar procedure. Namely, this new connection differs from (F,F) by 
the section 

{4>,-^*) : L ^ T*L0 End("Wi) , 
where the transpose conjugate 

^* : L ^T*L^U* =T*L(g) End(C^*) , 

has the coordinate expression 

A- _ 1 ^ A-A —If Oi - A- 

W IAb — 2 ^4 SA — 2 ^ 4 " j s • 

After some calculations we also find 



!), -^*) = \ 7($) = \ f 4°^dx4 ^ ^. _ ^ 
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where 7 : AH — > EndV^^ is the natural extension of the Dirac map. For simphcity, let us 
indicate a connection on Ui^ ^ L and the induced connection on ^ L hy the same 
symbol; then the induced 4-spinor Fermi connection of ^ L can be written as 

Fp=F + (</., -0*)=F + i7($) . 

Any other member Fp' of the family of 4-spinor Fermi connections are obtained from the above 
expression via the replacement (p^cp + iai^lu, namely 

Fp' = Fp + i a (>i) Iw . 

3.4 Group considerations 

A detailed study of the relations between 2-spinor groups, 4-spinor groups and the Lorentz 
group was exposed in [7]. In this section Fll just recall a few results which are relevant in the 
present discussion. 

In the algebraic setting of §1.21 consider the group 

Sl(i7) := {K G Aut(J7) idetK = 1} , 

which preserves the two-spinor structure. Its relations with the special orthochronous Lorentz 
group and the orthochronous Spin group are described by the commutative diagram 

Sl{U) Lor\{H) K K®K 



SpinT(Vr) {K,{K*)~^) 

One has the isomorphic Lie algebras £Lor = £Lor(i3") , £Spin = iiSpin(W) and 

iiSl = £S1((7) ^ {0 G End([/) : Tr = 0} . 

Furthermore £Lor(i3") is isomorphic, as a vector space, to f^H. Thus one has the diagram 
of isomorphisms 

iiSl(f/) SLoi{H) (f) -> 



£Spin(Vr)- /^H {<P,-(t>*) 

where the relations among the above objects are as follows. 

a) £ £Lor{H) C End(i3") = ii" ig) ii"* is obtained from ^ £ f^H d H®H through the 
isomorphism : H ^ H* determined by the Lorentz metric. 

b) (p £ £Sl{U) C U U* is one-half the trace of <!>'' relatively to the conjugate factors. 
Conversely, = (j)(E)lTj + lu(^4> - Hence Tr = . 



3.4 Group considerations 
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c) i7($) = ((/), -(/)*) G End?7 © EndL^"* C EndVT , where 7 : AH EndVT is the natural 
extension of the Dirac map to the exterior algebra of H. 

Furthermore, it should be observed that the biggest group which preserves the two-spinor 
structure is not Sl(?7) but rather the 'complexified' group 

Sr(?7) := {K G Aut(J7) : \detK\ = 1} = (U(l) x Sl(C/))/Z2 , 

which leaves any symplectic form of U invariant up to a phase factor. Its Lie algebra is 

£Sf (J7) ^{A€ End{U) :5RT¥^ = 0}=iM© £Sl{U) . 

Accordingly, any 9 £ £SF([/) can be uniquely decomposed as 

d) = i(TV0)l + (^-i(TV0)l) =ial + </>, OEM, G £S1(J7) , 
with 1 = If/ , and one has 

6'(gil + l(gi^ = (/)(g)l + l(g)<^. 

In other words, 9 E £,SY^{U) determines an element G i2Lor(i3") via its traceless part (j) ■ 

In the bundle setting of ^the above spaces and groups become vector bundles and group 
bundles over M. Consider sections 

(^■.M^ T*M0£S1(?7) , 

M 

9 = ia®llc/ + : M T*M®£Sr(J7) , 

M 

: M ^ T*M 2Loi{H) , 

M 

1 7($) = (0, -^*) : M T*M ® SlSpm{W) , 

M 

fulfilling the same mutual relations a, b, c and d as the previously considered algebraic objects 
with the same names {a : M T*M is now a real 1-form). 

Such Lie-algebra-bundle valued 1-forms can be seen as differences between linear con- 
nections preserving the respective vector bundle structures (while the curvature tensors are 
2-forms valued in the same Lie-algebra-bundles). More precisely, it's not difficult to prove: 

Proposition 3.3 Let F and F' be 2-spinor connections, and F, F' the respectively induced 
connections of H ^ M. Then 

= ia©l + (/):=F-F' : M ^ T*M 2,S\^{U) 

M 

and 

$b ._ p_p/ . ^ ^ ^ £Lor(i?) 

M 

fulfil the above relations a, b, c, d. In particular, only depends on the traceless part (j) of 9 . 
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4 An application: free QED states 

Though a kind of 'covariance' can be achieved in flat spacetime, current quantum theory re- 
mains essentially observer-dependent. This feature is most evident when one tries to formulate 
QFT in curved spacetime, where one is unable to define a distinguished, observer-independent 
set of free states (e.g. see Birrel and Davies [l]). 

In a previous paper [6] I studied a quantum formalism, in momentum space, carried 
by a pointlike observer: connections on underlying 'classical' bundles determine 'quantum 
connections' on 'distributional bundles', namely bundles over spacetime whose fibres are dis- 
tributional spaces, and restriction to a given observer worldline does the jobjfl I also hinted at 
the possibility that free electron states, for the observer's formalism, be described in terms of 
a Fermi transport of spinors, rather than by ordinary covariant transport. This seems natural 
in view of the standard interpretation of the usual Fermi transport of vectors in relation to 
small gyroscopes carried by the observer. 

For m G let Pm C T*M be the subbundle over M of all future-pointing p G T*M 
such that g'^{p,p) = m? . Then P^ is the classical momentum bundle for a particle of mass 
m (the limit case m = can also be considered). Consider the 2-fibred bundle 

[(a3t*P^)+]1/2 = Y-^/^Pm ^P^^M 

whose upper fibres are the spaces of half- densities of the momentum spaces. If V ^ Pm 
is a complex vector bundle (whose fibres represent the internal degrees of freedom of the 
particle) then for each x G M one has the vector spaces of all generalized sections (in a 
distributional sense) 

{Pm)x - (V-'/'Pm ® V)^ , 

which can be assembled [5] into a smooth bundle ^ M (smoothness being defined in a 
certain, appropriate way). A Fock bundle can be constructed as V := 0^0*^* > "^^ere V* 
is defined to be either A*V^ or V*V^ (respectively, antisymmetrized and symmetrized tensor 
products for fermions and bosons). Thus one particle states are represented as V-valued 
generalized half densities. 

The spacetime connection determines a connection I^ on Pm ^ M ; moreover, in the 
usual physical situations one has a connection V Pm — > M which is linear projectable over 
I^ . These determine a connection on ^ M and hence on V ^ M- 

For each p G {Pm)x , x G M", let 5p be the Dirac density with support {p} in {Pm)x , 
the Leray density of {Pm)x C T*M and [ba{p)) a basis of Vp . Let moreover Z G L be a 
'length unit'. Then the set (BpQ,) , with 

'■= /JlT— ^[^] ® ^^^^^ ^ '^^ ' 
V^l' PO 

constitutes a generalized frame of V"*^. The above said connection on V ^ M yields par- 
allel transport of such frames along curves in M ; in particular, 4-momentum p is parallely 
transported. 

Consider now the bundle W ^ M of Dirac spinors. For GBch p G 

one has a splittin£^ 



W = W+® W- , := Ker(7[p] ^ m) . 

M ^ ^ 



® At least locally the chosen worldline determines, vie exponentiation, a splitting space + time enabling a 
position space representation. 

The restrictions of the Hermitian metric k f i]1.4p to these two subspaces turn out to have the signatures 
(+, +) and (— , — ) , respectively. 
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Thus for each m G L one has the 2-fibred bundles — > Pm — > M defined by 

:= □ Wp^cPmXW . 

' ' M 

and are then the electron bundle and the positron bundle, respectively. 
All the above constructions can be restricted to timelike one-dimensional base manifold 
L C M. In order to introduce appropriate generalized frames for free electron and positron 
states along L one needs, for each p G {Pm)L a frame 

(u4(p) , v^(p)) , A = 1,2 

of Wp which is adapted to the splitting Wp = W^^ © Wp' . A consistent choice can be made 
by the following procedure. 

Fix any point xq G L. Let Txq G L"^ ^ T^qZ be the unit future-pointing scaled vector field. 
Choose any 2-spinor basis (Ca) such that the timelike element tq of the induced Pauli basis 
coincides with t^q ■ Then the corresponding Dirac basis ( §1.4p . constituted by the elements 

^1 •= 72 (Ci > z^) > U2 := ^ (C2 , z^) , vi := ^ (Ci , -z^) , ^2 ■= ^ (C2 , -z^) , 

is adapted to the splitting determined hy p = mg^{TxQ) . Next we Fermi-transport this basis 
along L. T itself is Fermi-transported, and so is the 1-form := g^{T) corresponding to r via 
the spacetime metric. Thus we get a Dirac frame (u^(mr^) , yji{mT^)) which is adapted to 
splitting determined hy p = mr^. 

Now we have to extend this to a Dirac frame of for all p G {Pm)L ■ This can be 
done, at each x £ L, essentially by the usual procedure of the fiat inertial case. Namely, if 
X is now an arbitrary 4-momentum at x then take the unique boost A such that 
A(t2') = g'^{p)/m ; up to sign there is a unique transformation K G Spin("H^) which projects 
over A, and an overall sign can be fixed by continuity!^ This K transforms the Dirac frame 
(uA(mT'') , y4(mT'')) into the new Dirac frame (ua(p) , Y4(p)) . 

The introduction of free photon states has subtilities of a different nature, while their 
transport along the observer's world line is performed via ordinary Fermi transport. Then 
one modifies the induced free-particle connection on the Fock bundle of QED by an inter- 
action (not deduced from any underlying classical structure) which yields the full picture of 
electrodynamics (see [6] for details). 
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